STRUCTURE OF INTERMEDIATE WAKIMOTO MODULES 
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Abstract. We show that our construction of boson type reaUzations of affine 
0[{n + 1) in terms of intermediate Wakimoto modules gives representations 
that are generically isomorphic to certain Verma type modules. We then use 
this identification to obtain information about the submodulc structure of 
intermediate Wakimoto modules. 



1. Verma type modules 

Modules induced from the natural Borel subalgebra were first introduced by 
H. Jakobsen and V. Kac in their study of unitarizable highest weight represen- 
tations of afhne Kac-Moody algebras (see pKBSj ) . They were studied in FutQ^ 
under the name of imaginary Verma modules. A Pock space realization of the imag- 
inary Verma modules for sl{2) were constructed by D. Bernard and G. Felder in 
|BF90) and then extended in |Uox04j to the case of s[(n). These realizations are 
given generically by certain Wakimoto type modules. 

In his effort to prove the Kac-Kazhdan conjecture on the characters of irre- 
ducible representations of afffine Kac-Moody algebras at the critical level, M. 
Wakimoto discovered a remarkable boson realization of sl(2) on the Pock space 
C[xi,yj I i e Z,j g N] 'Wak86" . Wakimoto modules for general affine Lie algebras 
were introduced by B. Feigin and E. Frenkel in (FF88] by a homological characteri- 
zation, |FF90bj which play an important role in the conformal field theory providing 
a new bosonization rule for the Wess-Zumino-Witten models. Wakimoto modules 
have a geometric interpretation as certain sheaves on a semi-infinite flag manifold 
|FF90aj . They belong to the category O and generically are isomorphic to cor- 
responding Verma modules. Explicit formulae for these realizations for s[(2) are 
given in jFF88| and for general affine Lie algebras they are given in |idBF97, and 
|PkV96| . 

Affine Lie algebras admit Verma type modules associated with non-standard 
Borel subalgebras, see |Cox94b| . [FS93 and .1 X891 . In our work ICF04j the problem 
of finding suitable boson type realizations for all Verma type modules over sl(n + 1) 
was solved. In Theorem 14.51 below we construct such realizations, intermediate 
Wakimoto modules, for a series of generic Verma type modules depending on the 
parameter 0<r<n. Ifr = n this construction coincides with the boson realization 
of Wakimoto modules in |FF88| . and when r = this is a realization described 
in |Cox04| . One difficulty that arises in the study of Verma type modules that 
are not induced from a standard Borel subalgebra is that certain of their weight 
spaces are infinite dimensional. On the other hand the structure of representations 
that have infinite dimensional weight spaces is an important problem that appears 
naturally in other contexts. Besides appearing in the representation theory of 
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infinite dimensional Heisenberg Lie algebras such representations also arise in the 
work of jR(^94j . [(TP87j . [CFlTT] . \(:ax02\ . and jCMnij . Intermediate Wakimoto 
modules form another family of representations with certain weight spaces being 
infinite dimensional. Using the realization of the intermediate Wakimoto module 
for s[(n + 1,C) given in |CF04| and below, we show that generically Verma type 
modules and intermediate Wakimoto modules are isomorphic, which is an analog 
of the classical relation between Verma and Wakimoto modules (see Corollary 15.31 
below). Moreover, when intermediate Wakimoto modules are in general position 
(but not necessarily isomorphic to Verma type module) we completely describe 
their submodule structure (|6.3() . 

Verma type modules have a complicated structure when the center c acts by zero 
(see for example |Fut94j V The realization given in Theorem 14 . 51 vields information 
about the structure of these modules at least in the case of s[(2, C). In the last sec- 
tion we present the formulas for the singular elements in Imaginary Verma modules 
recently obtained by B.Wilson Wil05 . These formulas were inspired by the free 
field realization of Imaginary Verma modules for sl(2, C). 

2. Verma type modules 

Fix a positive integer n, < r < n, 7 e C*. Set k = 7^ — (r + 1). Let 
g = s[(n+ 1, C) and let E'*^ , i, j = 1, . . . , ?t.+ 1 be the standard basis for Ql{n+1, C). 
Set Hi E"~E^+^''+^, E, E^'^+^ , Fi := E^+^^' which is a basis for s[(n+ 1, C). 
Furthermore we denote the Killing form by (-^|i^) = tr (XY) and Xm = X 
for X,Y G Q and m £ Z. Let {ai, . . . , be a base for A"*", the positive set of 
roots for g, such that Hi = on and let be the root system with base {ai, . . . , ar} 
(Aj. = 0, if r = 0) of the Lie subalgebra Qr — s[(r + 1, C). A Cartan subalgebra ^ 
(respectively io^) of g (respectively Qr) is spanned by i = 1, . . . , n (respectively 
i ~ 1, . . . ,r) and set ^0 = 0. 

For any Lie algebra a, let L{a) — o0C[i,t^^] be the loop algebra of a. Then 
= 5[(n-|-l,C) = L(0)®Cc®C(i and Qr — L{Qr)®'Cc®'Cd are the associated afhne 
Kac-Moody algebras with S) = 9) ® <Cc ® £■(! and 9)r — ^r®'Cc® Cd respectively. 

The algebra Q has generators Eim, Fim, Him, i = 1, . . . , n, m e Z, and central 
element c with the product 

[X„,,Yn] = Y] + 6m+n^om{X\Y)c. 

Let a be a Lie algebra with a Cartan subalgebra H and root system A. Denote 
by U{a) the universal enveloping algebra of a. A closed subset P C A is called 
a partition if P n (— P) = and P U (— P) = A. If a is finite-dimensional then 
every partition corresponds to a choice of positive roots in A and all partitions are 
conjugate by the Weyl group. The situation is different in the infinite-dimensional 
case. If a is an affine Lie algebra then partitions are divided into a finite number 
of Weyl group orbits (cf. |IE89| . ^97\). 

Given a partition P of A we define a Borel subalgebra bp C a generated by 
H and the root spaces ao. with a E P. All Borel subalgebras are conjugate in 
the finite-dimensional case. A parabolic subalgebra is a subalgebra that contains 
a Borel subalgebra. If p is a parabolic subalgebra of a finite-dimensional a then 
P = Po ® P-i- where po is a reductive Levi factor and p+ is a nilpotent subalgebra. 
Parabolic subalgebras correspond to a choice of a basis tt of the root system A 
and a subset S* C tt. A classification of all Borel subalgebras in the afhne case was 
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obtained in jFut97j . In this case not aU of them are conjugate but there exists a 
finite number of conjugacy classes. These conjugacy classes are parametrized by 
parabolic subalgebras of the underlined finite-dimensional Lie algebra. Namely, let 
p = po ffi P-i- a parabolic subalgebra of g containing a fixed Borel subalgebra b of g. 
Define 

Bp = (p+ O C[t, r^]) ® (po (g> tC[t]) ® b ® Cc ® Cd. 
For any Borel subalgebra 5B of g there exists a parabolic subalgebra p of g such 
that *8 is conjugate to Bp. 

When p coincides with g, i.e. p+ = 0, the corresponding Borel subalgebra Bg is 
the standard Borel subalgebra defined by the choice of positive roots in g. Another 
extreme case is when po = Ti.. This corresponds to the natural Borel subalgebra 
Bnat of g considered in |JK89| . 

Given a parabolic subalgebra p of g let A : i?p C be a 1-dimensional represen- 
tation of Bp . Then one defines an induced Verma type g-module 

Afp(A) = ;7(g) ®a(Bp)C. 

The module Mg (A) is the classical Verma module with highest weight A |Kac90| . In 
the case of natural Borel subalgebra we obtain imaginary Verma modules studied 
in |Fut94| . Note that the module AIp{X) is J7(p_)-free, where p_ is the opposite 
subalgebra to p+. The theory of Verma type modules was developed in |Fut97| . It 
follows immediately from the definition that, unless it is a classical Verma module, 
a Verma type module with highest weight A has a unique maximal submodule, it 
has both finite and infinite-dimensional weight spaces and it can be obtained using 
the parabolic induction from a standard Verma module M with highest weight A 
over a certain afhne Lie subalgebra. Moreover, if the central element c acts non- 
trivially on such Verma type module, then the structure of this module is completely 
determined by the structure of module M, which is well-known f jFut97| . jCox94aj ) . 
Let n='= = ®QgA+0±Q- Denote = 11=*= n g^, 11=*= (r) = 11=*= \ n^, 

Br - i(n+(r)) ® (n+ ® C[t]) ® ((n") ® fi) «) C[t]t). 

Then Br = Br (B h is a Borel subalgebra of g for any < r < n. 
Given X Cz Sj* the corresponding Verma type module is 

Mr{X) ^ U{g) ^u(B^) Cv^x 

where BrV^ = and hv-^ = X{h)v^ for all h £ 9j. 

When r = n it gives us the usual Verma module construction. If r = we get 
an imaginary Verma module. 

Let Xr = X\^ . Verma type module Mr{X) contains a g^-submodule M{Xr) = 
C^(0r)(l ^ v^) which is isomorphic to a usual Verma module for g^. 

Theorem 2.1 f |Cox94bj . |FS93p . Let X{c) ^ 0. Then the submodule structure of 
Mr{X) is completely determined by the submodule structure of M{Xr). In particular, 
Mr{X) is irreducible if M{Xr) is irreducible. 

Let F be a weight a-module, i.e. V = ®^6_f/*V^, = {w € V\hv = ^(/i)u,V/i £ 
H}. Suppose that dim < 00 for all fi. If a is a Kac- Moody Lie algebra (finite or 
affine) with Serre generators e^'s and fi's, then denote by w an anti-involution on 
a which permutes with /,; for all i, and which is the identity on H. Consider the 
a-module 
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where V* is a dual subspace of Vp, and the structure of a-module is given by: 
{xf){v) — f{w{x)v). Such modules are called contragradient. The advantage of 
considering these modules versus the whole dual modules of V is that V and its 
contragradient module belong to the Bernstein-Gelfand-Gelfand category O simul- 
taneously. 

3. Geometric realizations 

3.1. Finite-dimensional case. Let g be a finite-dimensional simple Lie algebra, 
b a Borel subalgebra, g — LieG, b — LieB. Then the group G acts transitively on 
the flag variety X — G/B. Let Vx be the sheaf of differential operators on X with 
regular coefficients. If is a T>x-module, then the global sections T{X,A4) have 
a structure of a g-module. 

If A € TC* , then the Verma module M(A) with the highest weight A admits the 
central character which we denote by ^a- Let ^ : Z{g) C and A E Ti* be such that 
^ = Consider U\ ~ U(g)/U{g)Ker^. Then there is an isomorphism of algebras 

Ux^T{X,Vx), 

where Vx is a twisted sheaf of differential operators on X introduced by Beilinson 
and Bernstein f jBCXjT.Sj ). Moreover, there is an equivalence between the category 
of C/A-modules and the category of quasi-coherent I?A-modules on X |BGG73| . 

Let = n_ e H e n+, b = n_ 7Y, n± = UeN±. Then X = G/B has a decom- 
position into open Schubert cells: X = (JwewG{w), where G{w) = B+wB-/B-, 
W = N(T)/T is the Weyl group and T = B+/N+. The subgroup acts on 
X, and the largest orbit U of this action can be identified with proper iV+. The 
Lie algebra g can be mapped into vector fields on X and hence on U. Thus g can 
be embedded into the differential operators on U of degree < 1. Note that the 
ring of regular functions Ou on U is a, polynomial ring in m = |A+| variables and 
hence q has an embedding into the Weyl algebra Am generated by xi, . . . , a;„ and 
partial derivatives i9i, . . . ,£?„. If • ^(fl) ^ C is the central character of g then 
the quotient U {q) / {Kqv£)U {q) can be embedded into A^, n = (l/2)(dimg — rankg) 
|Con74| ■ providing a realization of g as differential operators acting on the Fock 
space C[a;i, . . . , A different approach was suggested by Khomenko jKho) . who 
showed that the quotient C/(g[(n))/(Ker^)J7(gI(n)) can be embedded into a certain 
localization of m = n{n + l)/2, using the theory of Gelfand-Tsetlin modules 

The embedding above of the Lie algebra g into Am induces the structure of a 
g-module on Ou- In fact, a g-module Ou is isomorphic to a contragradient module 
M*(0) with trivial highest weight. 

For a general A G Ti* , T(U,'Dx) ~ A/* (A) is a g-module under the inclusion 

gcr(G/B_,I?A) 

(Remark 10.2.7 in |FBZ01p . In order to obtain a geometric realization of Verma 
modules one needs to consider the minimal 1-point orbit of Nj^ on X. Choosing 
another orbit of gives a twisted Verma module parametrized by the elements of 
the Weyl group. These modules have the same character as corresponding Verma 
modules. 
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3.2. Afflne case. Let g be the non-twisted affine Lie algebra associated with g. 
Consider a Cartan decomposition g = n_ © 7i © n+ and a Borel subalgebra b± = 
n± © Ti.. Denote 

b± = n± © H (8) C[i]. Let G, N± and 13 ± be Lie groups corresponding to g, n± and 
b± respectively. Then a scheme of infinite type X = G/B- which has a structure 
of a splits into 7V+-orbits of finite codimension, parametrized by the affine Weyl 
group. There is an analogue of a big cell lA 'm X which is a projective limit of affine 
spaces, and hence, the ring of regular functions on is a polynomial ring in 
infinitely many variables. Thus q acts on it by differential operators providing a 
realization for the contragradient Verma module with zero highest weight. Global 
sections of more general Af-|_-equivariant sheaves on X will produce an arbitrary 
highest weight. Other A^+-orbits in X correspond to twisted contragradient Verma 
modules. Standard Verma modules can be obtained by considering A^+-orbits on 

3.3. First free field realization. In the previous section we considered the case 
of classical Verma modules for affine Lie algebras. Consider now the natural Borel 
subalgebra bnat = n_ ® C[t, i^^] (BTi.® C[i~^] of g and the corresponding Borel 
subgroup Q5„Qt. LetX ~ G/'^nat- which is semi-m/iniie manifold |FBZ01j . jVor93j . 
|Vor99j . We can consider the iV+-orbits on it and, in particular, iV+ can be viewed 
as an analogue of the big cell U in G/B-. 

Applying the same argument as in the previous section one can obtain an embed- 
ding of g into the Weyl algebra in infinitely many variables and hence a realization 
of our algebra in the Pock space C[a;„,n G Z]. For example, consider the case 
g s[(2). Then 

Cn ^ e (g) , hn = h (g) t"- , fn = f (E) t" ,n e Z 
form a basis of g (g) C[t, t^^]- Then we have the following embedding: 
d \ - d \ - d 

Note that the differential operators corresponding to /„ are not well-defined on 
C[xn,n € Z] (they take values in some formal completion of C[a;„,n G Z]). One 
way to deal with this problem is to apply the anti-involutions: 

6n fm hn <— > hn\ Xn <— > dXm Tl Z 

which gives the following formulas: 

J, <9 , x - d \ - d d 

(yXn CiZ/m (yX^tj CfXl,^ 

" mez ™ m.fceZ " 

These formulas define the first free field realization of sl{2) in the polynomial ring 
'C[x,m'm G Z]. This module is, in fact, a quotient M(0) of the imaginary Verma 
module with trivial highest weight by a submodule generated by the elements 
n < 0. Similar formulas for an arbitrary highest weight with a trivial action of the 
central element were obtained by Jakobsen and Kac [.TKSQI using analytic approach. 
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Namely, if ^ denotes a finite measure on the circle 5*^, not concentrated in a finite 
number of points, and Am = J^i 2:™d/i then 

fn ^ — I >— > — A„ — 2 ^ ' a;„-| 



Ed d \ - d 
Xn+m+k-^—jr— - A„+m— — 

gives a boson type realization of M(A), where A(c) = and A(ft,o) = ^ -^o- This 
module is irreducible if Aq ^ |Fut94j . 

To get a realization of the imaginary Verma module for s[(2) with a non-trivial 
central action Bernard and Felder used the Borel-Weil construction. Let B- be the 
Borel subgroup of the loop group SL{2) corresponding to a Borel subalgebra bnat- 
Then we presume B- consists of the elements of the form 

exp(^ 2:„e„) exp(^ ymhm), 

n6Z m>0 

where XmUm are coordinate functions. Consider a one dimensional representation 
X ■ B^ C, where c acts by scalar K, ho acts by scalar J and all other elements 
act trivially. Then the group SL{2) acts on the sections of the line bundle {Cy^,g) 
over SL{2)/B^ by 

(5i/)(.92) = /(5r'52), 

gi £ SL{2), where 

= SL{2) Xg C 

and g : SL{2) x^_ C ^ SL{2)/B^ such that [x, z) ^ xB_. 

Differentiating this action to an action of the Lie algebra § and applying two 
ant i- involut ions 

Cji ^ ri: hn ^ ^— rii C ^ C 

and 

x^n^d/dxn, Uk^-d/dyk- 
we obtain the following boson realization of g in the Fock space C[xm,m e Z] (g) 
C[j/„,n > 0]: 

/„ Xn, hn 1-^ -2 ^ X„r+nd/dXrn + 5n<0V-n + 5.n>o2nK d / dyn + SnflJ, 



67] 



- Xk+m+n^ — ^ ^yivkTi +2XVm- — + {Kn+J)- 

^ dXkOXjn f-i OX-k-n dymOXm-n OX- 

rn,kel, k>Q ■m>0 

This module is irreducible if and only ii K ^ 0. If we let X = and quotient 
out the submodule generated by ym, w > then the factor module is irreducible if 
and only if J ^ (cf. |Fut94j \ This construction has been generalized for all afhne 
Lie algebras in [Coxn4| providing a realization of imaginary Verma modules. 

4. Boson type realizations 



The generators of Weyl algebras are called free bosons. Hence any embedding of 
the affine Lie algebra g into a Weyl algebra leads to a boson type realization. 
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4.1. Second free field realization. There is another way to correct the formulas 
above using the construction of Wakimoto modules |Wak86j . 

Denote a„ = d/dxm a* = x^n and consider formal power series 

a(z) = ^ a„z"""\ a*{z) = ^ a^2~". 

Series a[z) and a* (2) are called formal distributions. It is easy to see that [a„, a^] = 
(^ri+m.o a-iid all other products are zero. The formulas in the sl{2) case can be 
rewritten as follows: 

e{z) a(z), h{z) ^ — 2a*(z)a(z), f{z) ^ — a*(z)^a(z), 

where g{z) = X^nez 5"-^"""^ 5 ^ {^j/j^}- This realization is not well-defined 
since the annihilation and creation operators are in a wrong order. It becomes 
well-defined after the application of two anti-involutions described above. Then the 
formulas read: 

f{z) ^ a{z), h{z) 2a{z)a* (z), f{z) — a(z)a*(z)^, 

where a„ and a* have the following meaning now a„ — x„, a* = — (?x_„. This is 
our quotient of the imaginary Verma module. 

A different approach was suggested by Wakimoto ( [Wak86j ) who used the tech- 
nique of normal ordering. Denote 

a(z)- = ^ a„z"""\ a{z)+ = q„z~"~^ 

n<0 n>0 

and define the normal ordering as follows 

: a{z)b{z) :— a(z)_6(z) + 6(z)a-)_(z). 

Let now 

_ jxn, n <0 ^ _ jx-n, n<0 

"""lair- ->0, """l-a^^' ">0. 

Here [a„,a;^] = [6 „, bm] = Sn+m,o. 

It was hown in |Wak86| that the formulas 

ci-^ K, e(z) 1-^ h{z) t-^ —2 : a*{z)a{z) : +b{z), 

f{z) ^ - : a*{zfa{z) : +Kd,a*{z) + a*{z)b{z) 

define the action of the affine sl{2) on the space C[a;„,n S Z] (g) C[ym,m > 0]. 
This boson type realization is called the second free field realization giving the cel- 
ebrated Wakimoto modules. For an arbitrary affine Lie algebra Wakimoto modules 
were constructed by Feigin and Frenkel |FF90aj , |FF90b| . Generically they are iso- 
morphic to Verma modules. Wakimoto modules can be viewed as infinite twistings 
of Verma modules. 

Remark 4.1. We see that the semi-infinite variety G/^nat gives rise to boson 
type realizations of Imaginary Verma modules (the first free field realization) and 
of Wakimoto modules (the second free field realization). In fact, one can construct 
the whole family of " other" free field realizations |UF04| . 



m-a^, m > 
y-m, TO < 0. 
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4.2. Oscillator algebras. Let a be the infinite dimensional Heisenberg algebra 
with generators a^.m, dij^m^ ^^'^ 'i-, ^<i<j<n and m e Z, subject to the 
relations 

[ay,m,l] = [a*j,^,l] = 0. 

Such an algebra has a representation p : gI(C[x]) where 

C[x] := C[a;jj,m|i, j,TO G Z, 1 < i < j < n] 

denotes the algebra over C generated by the indeterminates m and p is defined 
by 



d/dxij^m if m > 0, and j <r 
Xij,m otherwise, 



Xij^^m if m <0, and j < r 

—d/dxij-m otherwise. 

and p(l) = 1. In this case C[x] is an a-module generated by 1 =: |0), where 

aij,m|0) =0, m > and j < r, a*j„i|0) =0, m > or j > r. 

Let dr denote the subalgebra generated by aij^m and a*j^^ and 1, where 1 < i < 
j < r and m e Z. If r = 0, we set Or- = 0. 

Let An = {{ai\aj)) be the Cartan matrix for sI(n + l,C) and let 05 be the matrix 
whose entries are 

^ij ■= (ai|ai)(7^ - Si>rSj>r{r+ 1) + ^5i,r+l^j,r+l) 

where 

1 1 if i > r, 



Si, 

In other words 



otherwise. 



05 := - (r + 1) (^[] J + r£,+i,,+i. 

Using cofactor expansion along the r + 1-st row one can show 

det 05 = (n + 1)7'''(7' - r - 1)""'' 

where we define 7^*^ = 1 when r = and 7 = 0. Thus 05 is degenerate if and only 
if either 7 = 0or7^ = r-|-l. We also have the Heisenberg Lie algebra b with 
generators bim, 1 < i < n, m £ Z, 1, and relations [bim,bjp] = m^ij5m+p,o^ and 

[bim,l]=0- 

For each l<i<nfixAieC and let A = (Ai, . . . , A„). Then the algebra b has 
a representation px : b End(C[y]A) where 

C[y] := C[y^,m\i,me N* , 1 < i < n] 

and p\ is defined on C[y] defined by 

d 

P\{bio) = K, P\{bi-m) =ei-ym, P\{bim) = mei ■ - — for m>0 
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and pa(1) = 1- Here 

d _ ( d d 

and are vectors in C" such that e, -e^ = 5By where • means the usual dot product. 

Note that since 05^^ is symmetric, it is orthogonally diagonalizable, (i.e. there 
exists an orthogonal matrix P such that P^^P is a diagonal matrix) and hence we 
can find vectors e; in C" such that e; • = 05^ . In fact for to > and n < we 
get 

(See also |FF90bp 

We also define for < r < n 

C,[y] :=C[e, •y„,|i,TOeN*, 1 < i < r]. 

If 23 is non-degenerate, then C„[y] — C[y]. On the other hand if S is degenerate, 
then there is some choice to be made for the e^. For example if 7 = 0, n = 2 and 
r — 1, then 

'0 

,0 -3, 



03 = 



and one can choose for example ei ~ (0,0) and 62 — (0, ^/—'S) or ei = (0,0) and 
^2 ~ (V^, 0). In either case C„[y] 7^ C[y]. 

4.3. Formal Distributions. We need some more notation that will simplify some 
of the arguments later. This notation follows roughly |Kac98) and jMN99j : A formal 
distribution is an expression of the form 

a{z,w,...)^ ^ a,n.n,...z"'w"' 

where the am,n,... lie in some fixed vector space V and z,w, . . . are formal variables. 
We define da{z) — dza{z) = ^^na„z"~^. We also have expansion about zero: 
there are two canonical embeddings of vector spaces Lz.w ■ C{z — w) —^ C[[z,w]] and 
i-w,z ■ C(z ~ w) C[[z,w]] where tz^u;(a(z, w)) is formal Laurent series expansion 
in z~^ and —iw,z{ci{z, w)) is formal Laurent series expansion in z. The formal delta 
function S{z — w) is the formal distribution 



6{z — w) = z ^ 



z\" / 1 \ /I 



w/ \ z 



For any sequence of elements {ajn\m^j^ in the ring End(y), V a vector space, the 
formal distribution 



a{z) : = ^ a„ 



is called a field, if for any v E V, = for to 0. If a{z) is a field, then we set 
a(z)_ : = ^ OmZ^™""^, and a{z)+ := ^ a„iZ^™^"^. 

m>0 m<0 

In particular 

1 



S{z - w)- = iz,w , <5(z - w)+ 



10 



BEN L. COX AND VYACHESLAV FUTORNY 



Note that 

—dz5{z — w) — dw5{z — w) = Lz 



(z — w)^ J ' \{z — w) 



The normal ordered product of two distributions a{z) and b{w) (and their coef- 
ficients) is defined by 

(4.1) ^ J2 ■ ■ z~"'~^w-"~^ a{z)b{w) := a(z)+6H + b{w)a{z)-. 

For any 1 < i < j < n, we define 

and 

6,(z) = ^6„z-"-i. 

In this case 

[6i(z), bj{w)] = 9iu(5(z - w), 
[a,j(z), a^,(w)] = (JifcJj-; 1(^(2; - w). 

Observe that Oy (z) for j > r is not a field whereas a*^ (z) is always a field. We 
will call aij{z) (resp. a*^{z)) a pwre creation (resp. annihilation) operator if j > r. 
Set 

aij(z)+ = ay(z), ay(z)_ = 
a*j{z)+ = 0, a*j-(z)_ = a*^{z), 

if j > r. 

Now we should point out that while : a^(zi) • • • a™'{zm) ■ is always defined as a 
formal series, we will only define : a(z)b{z) ::= lim^^^ : a{z)b{w) : for certain pairs 
{a{z),b{w)). For example 



is well defined as an element in End(C[x](g)C[y])[[z, z~'^]] for all / > r (as p(a^j ^) := 
—d/dxki-m for / > r ) or if both Z < r and j < r (see also the remarks after 
Theorem |4.5|l . 

Then one defines recursively 

: a^{zi) ■ ■ ■ a''{zk) :=: a^(zi) (: 0^(22) (:■•■: a'=-i(zfe_i)a'=(zfc) :)•••:):, 

while normal ordered product 

: a\z)---a''{z) lim : a^{zi) (: a^{z2) (:•••: a'^"i(zfc_i)a'=(zfc) :)•••): 

will only be defined for certain fc-tuples (a^, . . . , a'^). 
Let 

(4.2) [a5J = a{z)b{w)~ : a{z)b{w) := [a(z)-, 6(w)], 
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(half of [0(2), b{w)]) denote the contraction of any two formal distributions a(z) and 
b{w) where a{z), b{z) are free fields or pure creation or annihilation operators. For 
example if j, I < r, then 

(4.3) LayflfeJ = ^ dikSjiz~"^~'^w'^ = Si^kSj,iS^{z - w) ^ SikSji (— — ] 

m>0 ^ ^ 

(4.4) L«feiayJ = -'^SikSjiz^w'^"^'^ = -5ik5ji5+{w - z) ^ 6ik5]i i-z^w i — • 

n<0 

If ^ > r, then 

(4.5) Kj-afcJ = [0'tj{z)-,ali{w)] = 

(4.6) Va*kia^j\ = [ali{z)-,a^j{w)] = -5^k5ji5{w - z). 

Theorem 4.2 (Wick's Theorem, |E583] . |Hua98j . |Kac98| . or |UF04| 'l. Let a\z) 
andV{z) be formal distributions with coefficients in the associative aZge&ra End(C[x](g) 
C[y]), satisfying 

(1) [\a'-{z)b>{w)\,c^{x)±] = [\a'-V\,c^{x)±] = 0, for all i,j,k and c''{x) = 
a''{z) or c'^{x) = b^(w). 

(2) [a {z)±,b>{w)±\ = for all i and j. 

(3) The products 

la'^V^l ■ ■ ■ La'-6^=J : ai(z) • • • {z)b\w) ■ ■ ■ b^ (w) 

have coefficients in End(C[x](X)C[y]) for all subsets {ii, . . . , ig} C {1, . . . , M}, 
{jii---jjs} C {1,---A^}. Here the subscript (ii, . . . , ji, . . . , js) raeans 
that those factors a^{z), 6-'(u)) with indices i € {ii, . . . , is}, j G {ji, . . . ,js} 
are to be omitted from the product : ■ ■ ■ a'^^b^ ■ ■ ■ b^ : and when s — we 
do not omit any factors. 

Then 

:a\z) ■ ■ ■ a^\z) :: b\w)---b^{w) := 

min(M,Af) 

^ ^ la^^V^\---la^^b^^\:a\z)---a'\z)b\w)---b^{w):<^,,_,,,,,_,^^. 

S=0 ii<--<is, 

We will also need the following two results. 

Theorem 4.3 (Taylor's Theorem, |Kac98j . 2.4.3). Leta{z) be a formal distribution. 
Then in the region \z ^ w\ < \w\, 

oc 

(4.7) a(z) = ^ai^')a(w)(z-u))^'. 

3=0 

Theorem 4.4 ( |Kac98| . Theorem 2.3.2). Let a{z) and b{z) be formal distributions 
with coefficients in the associative algebra End(C[x] C[y]). The following are 
equivalent 

(i) [a{z)Xw)] = d^J^S{z-wy{w), where c^{w) G End(C[x](»C[y])[[w, w-^]]. 
i=o 

N-i , ^ . 
ill) Yab\ = ^ c'(^). 
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In other words the singular part of the operator product expansion 



3=0 

completely determines the bracket of mutually local formal distributions a{z) and 
b{'w). One writes 

N-i ^ 
a(z)b[w) ^ > 7 r-TT- 



For example 



[z — w)^ 



4.4. Intermediate Wakimoto modules. Define 



nGZ 



The defining relations between the generators of g can be written as follows 



(Rl) [Hi{z),Hj{w)] = ia^\aj)cdwS{w - z) 

(R2) [H,{z),Ej{w)] = - ^) 

(R3) [i/,(z),Fj(w;)] = -{a,\aj)Fj{z)S{w - z) 

(R4) [£;,(z),F_,-H] =J,,,(i/,(z)(5(u)-z) + ca^J(u;-z)) 

(R5) [F,{z),Fj{w)] = [E,{z),Ej{w)]={) if ^ -1 

(R6) [F,{zi),F,{z2),Fj{w)] = [S,(zi),S,(z2),£;jH] = if = -1 

where [X, Y, Z] := [X, [Y, Z]] is the Engel bracket for any three operators X, Y, Z. 

Recall that C[x] is an a-module with respect to the representation p and C[y] is 
a b-module with respect to p\. In jCF04| we define a representation 

p:0^flI(C[x]®C[y]). 

where we use the notation p{X„i) := p{X)„i, for X e q. This is described in the 
following result: 



Theorem 4.5. Let A G io* and set Xi — X{Hi). The generating functions 
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(4.8) 

n 

p{F.i){z) = All + ^ a,;, a: 



(4.9) 

p{H,){z) = 2 : a,,a* : + ^ (: aj,a*.^ : - : aj.i^ia*^^_^ 



-1 



n 

+ X] (■ ■ ~ ■ «''+ij"«+i,i + 
j=i+i 

(4.10) 

Ci—1 i \ n i—1 

fe=l fc=l / k=i+l k=l 

- a*ib, - {St>r{r + 1) + S.,<r{i + 1) - 7^) da*^, 

(4.11) 

p(c) = 72 _ ^ ^) 

define an action of the generators Ei„i, Fim, Him, i = 1, ■ ■ ■ ,n, m Z and c, on 
the Fock space C[x] (8'C[y]. In the above Oij, a*j and hi denotes aij{z), a*^{z) and 
hi{z) respectively. 

Theorem 14 . 51 defines a boson type realization of s[(n + 1, C) and a module struc- 
ture on the Fock space C[x] (g) C[y] that depends on the parameter < r < n. We 
called such modules intermediate Wakimoto module in |Ci^'04| . One can easily see 
that Theorem 14.51 defines also a boson type realization of s[(n + 1, C) on the Fock 
space C[x] ® C„[y] which is different from the one above if *B is non-degenerate. 
It is more convenient to work with such realization, and we will call this module 
structure on C[x] ® C„[y], the intermediate Wakimoto module and denote it by 

The intermediate Wakimoto modules W,i.r(A, 7) have the property that the sub- 
algebra Br annihilates the vector 1 (g) 1 e C[x] ® C[y], h{l (g) 1) = \{h){l ® 1) 
for all ft, e f) and c{l ® 1) = (7^ — (r -f- 1))(1 ® 1). Consider the g^-submodule 

W = U{Qr){l WrA\ 7) of WnA\ l)- 

Remark 4.6. If A is generic then W is isomorphic to the Wakimoto module W\(r),7 
([FF90EI) where A(r) = A|f,^, 7 = 72 - (r + 1). 

Example 4.7. If !8 is non-degenerate then W ~ W\[r),^- We also have an iso- 
morphism in the case n = 2, r = 1, ei = (0,0), 62 = (\/^3, 0). But there is no 
isomorphism if we choose 62 = (0, V— 3). 

In particular we have the following corollary. Consider A € ij* such that Ajf, = A, 
A(c) = 7^ — (r + 1), a Verma type module Mr{X) and its flr-submodule M(Ar). 
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Corollary 4.8. Suppose that Af (Ar) is irreducible and assume that A(c) ^ 0. Let 
W = U{g)W. Then M^(A) isomorphic to W. 

Proof. Since M{Xr) is irreducible and A(c) 7^ we conclude that *B is non-degenerate. 
Hence W ~ Wx(^r),^ is essentially the Wakimoto module for Qr- Moreover, the Waki- 
moto module Wx(r),j is isomorphic to M{Xr) in this case. Indeed, the Verma module 
M{Xr) is irreducible, so that the canonical map M(Ar) — > W, given by 1 i-^ 1 (g) 1, is 
injective. As M{Xr) and W have the same character formulae, this canonical map 
provides an isomorphism. We also have a canonical map (f> : Mr{Xr) W . This 
map restricts to the canonical map M{Xr) W, W is contained in the image of 4>, 
hence </> is surjective. Since A is generic, Mr{X) is irreducible by Theorem 12.11 and 
thus (j> must be an isomorphism. Therefore Mr{X) ~ W. □ 

It follows that Theorem 14.51 provides a boson type realization for generic Verma 
type modules. 

5. Generating Intermediate Wakimoto modules 

Let d = sl{r + 1) with a C g := sl(n + 1). As above Mr{X) will denote a Verma 
type module with highest weight A and set 

W^iX) :=C[x]®C„[y] 

with the action defined by Theorem 14.51 above . When 58 is non-degenerate, W^b(A) 
is the intermediate Wakimoto module Wn.r{^,l)- Sitting inside VFg(A) is a copy of 
WaiXr): FoT I < k < n, set Cfe[x] C[a;.y,„ \1 < i < j < k,m e Z] and 

WaiK) :=C,[x]§5C,[y]. 

Remark 5.1. Wa{Xr) — W for a generic A. 

We will show that in fact VFg(A) is generated by Wa{Xr). Namely we have 

Theorem 5.2. Wg{X) = UiQ)Wa{Xr)- 

Proof. First of all note that L{n~{r)) is generated by Fi^m with r < i < n and 
Wa{Xr) is generated by Xij,m and e^ • y-p with l<«<j<r, toGZ and p £ N. 

For 1 < A: < n, set Wk := Cfe[x] (g) C„[y]. Let's first see that Wr C U{g)Wa{Xr)- 
Now an arbitrary element in Wr has the form 

Uj <E) Vj, Uj e C,.[x], Vj e C„[y] 

j 

and so it suffices to show that any element of the form u (g) tj, with u e Cr[x] and 
V e Cr[y] monomials, is in U{2)Wa{Xr)- Write v = v^Vr with Vr G C[ej • y,„ | 1 < 
j < r,m G N] and v'^ G C[ej • y„i | r < j < 71, m G N] where we may assume 
= {sr ■ Yii)^'^ ■ ■ ■ (e„ • yij^'= is a nonconstant monomial (here ii, . . . ,is G N). 
Recall 

i-l 

p{Hi){z) = 2 : ai,a*^ : + ^ (: ajia*^ : - : aj,i^ia*^_-^ :) 
j=i 

n 

j=i+i 
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For i > r + 1 and m G N those summands above having factors with a*). k > r + 1 
act as zero on Wa{Xr) as these factors act by ~d/dxik Thus we get when 
restricted to Wa{Xr) that p{Hi„i) = bim and this is given by left multipUcation by 
• Ym- For i = r + 1 and m G N, we have when restricted to Wa{Xr), 

r 

P{Hr+l,rn) = ^ ^ ^ ^ ^ ■ ^jr,pO'jr,7n-p ■ +^r+l,m- 

Altogether for i > r + 1 and m G N, we can write 

where the first summand maps Cr[x] back into itself and the second summand is 
left multiplication by e; • y,„ {Xim would be defined to be zero for i > r + I). As a 
consequence we get 

u(g)v = u(g) (e,. • • • • (e„ • y^^ Vr 

Hence if we let Ti denote the abelian Lie algebra generated by Him with 1 < i < n, 
m G N, then 

(5.1) u®v eU{n)Wa{\r). 

and thus Wr C ?7(0)W„(V). 

Fix r < k < n. Consider u (g) u G Wg (A) with 

^fe+i,fc+i,mi"fe' Ufe G Ca..[x], mi G Z, peN 

and V G Cn,[y] and assume the induction hypothesis that Wk C U{Q)Wa{Xr)- (This 
was shown to be true for k = r above.) 

From H4.8|) for i > k, we get when restricted to Wk 

n 

(5.2) p{,-^i,m^ — ^ii,m ^ ^ ^ ^ ^ij^p^Xi^ij^p — ^ 

pGZ J=i+1 

and as a consequence 

for any m G Z, p G N. Since we assume Uk (E) v £ U{Q)Wa{Xr), the above equation 
tells us that m (g) w G U(s)WaiXr)- 

Now recall from the proof of Theorem 14.51 (see |UF04j ) 

[p{Fi){z),p{Fj){w)] = (Si^j+iajj+iiw) - Sj^i+iai^i+i{z)) S{z - w) 

(n n \ 

5i,]+i ^ ajg(z)a*+2,q(z) - (5j;j+i ^ a^q{z)a*^2 ,^^{z)\&{z-w). 
q=J+2 q=i+2 J 

We can show by induction that for 1 < j < i, 
(5.4) 

(n \ j-1 

i3=i+l / q=j 
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Indeed this is true for j = i — 1 by (|5.;^|l and the induction step is given by 
[[p{Fi){z,),...,p{F,+^){z,+,)],F,{z,)] 

n 

= [aj+i^Zj+i) + aJ+l^g{zJ+l)a*_^_J^g{zJ+l),aJJ{zj) 

q=i+l 

n i—1 

(n \ i-1 

q=i+l I q=j 

(There are no double contractions occurring in the calculation.) 

Suppose we have shown u'^^^Uk(^v e U(Q)Wa{Xr) for all u'^^ of the form u'^^^ = 
• ■ ■ ^k7i\k+um^+, and Uk e Cfe[x], mj e Z, pj e N and 1; G C„[y]. Then 
by H5.4|l we get for j < fc + 1 

n 

(5.5) [p{Fk+l)(zk+l),...,p{Fj){Zj)]^^aj^k+l,ni+ Y ^'^j'},P"-*k+2,q,m-p, 

q=k+2 pel. 

and thus 

- [p{Fk+i){zk+i), ■ ■ . ,p(i^^-l)(z,_i)]Pi-_\(Mfe (g) v) 

This proves that 14^^+1 C U{^)Wa{Xr)- Hence by induction we have VFg(A) = 

C[^]®<Cn[y]=U{Q)Wa{Xr)- □ 

We immediately have 
Corollary 5.3. If A e Ti,* is generic so that Mr(A) is irreducible, then 

Mr{X)^W^(\). 

Proof. For a generic A, WaiXr) — W and Wg{X) ~ W. It remains to apply Corol- 
lary □ 

6. SUBMODULE STRUCTURE OF INTERMEDIATE WAKIMOTO MODULES 

We saw in the previous section that the Intermediate Wakimoto module W^b(A) 
is generated by its a-submodule Wa{Xr)- We will show in this section that in the 
generic case Wa{Xr) determines completely the structure of Wg(A). 

We assume in this case section that the Intermediate Wakimoto module M^£i(A) 
is in general position, namely that 5B is non-degenerate. Hence, in particular, 
A(c) 7^ 0. Note that it does not imply that Wg(A) is isomorphic to a corresponding 
Verma type module, whose structure is known by Theorem l2.1l 

Consider a parabolic subalgebra 

p = Br + a 

of with the Levi factor a= a + ^ and the radical 9^. Then Wa{Xr) belongs to the 
standard category O of ci-modules. Moreover, we immediately have 
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Lemma 6.1. Wa{Xr) is a p-submodule ofWg{X) with a trivial action of the radical 

m. 

Hence we can consider Wa{Xr) as a p-module with a trivial action of and 
construct a generalized Verma module 

M{WaCK) = U{3)(g>u(p)Wa{Xr)- 

Lemma 16.11 and Theorem 15.21 immediately imply that there exists a canonical 
epimorphism 

^■.M{WaiXr))^WsiX). 

Hence, the module Wg (A) is a homomorphic image of the generalized Vcrma module 

M{W,iXr)). 

Denote — 1 ^ Wa{Xr). The following result describes the structure of the 
module M{W„{Xr)). 

Theorem 6.2. Let N ^ be a submodule of M{Wa{Xr)) and = NnM^. 

(i) Nf ^ 0; 

(ii) //Q3 is non- degenerate then ~ [/(g) iS)u(p) , where acts trivially on 

Proof. The first statement follows from Lemma 17 in [FKMOlj . while the second 
statement follows from Theorem 8,(i) in [FKMOlj . 

□ 

Using Theorem 16. 21 we obtain the following description of the submodule struc- 
ture of the Intermediate Wakimoto modules in the generic case. 

Corollary 6.3. Let TV 7^ be a submodule of Wg{X). 

(1) NnWa{Xr)y^O; 

(ii) If *B is non-degenerate then N ~ U{g) (S>u{f,) (N n WaiK))- 

7. Conclusion 

As it was mentioned above Wakimoto modules can be obtained from the classical 
Verma modules by an infinite number of twistings. The same twisting can be applied 
to a Verma type module Mr(A) in the part M{Xr), i.e. only using the reflections 
corresponding to the roots of a. We will say that in this case the module is obtained 
by real twisting. Clearly, imaginary Verma modules do not admit any real twisting, 
while on the other hand any intermediate Wakimoto module is obtained from the 
corresponding Verma type module by an an infinite number of real twistings. Hence, 
all boson type realizations associated with the natural Borel subalgebra correspond 
to infinite (or empty in the imaginary case) real twistings of corresponding Verma 
type modules. But we do not get realizations of Verma type modules this way. In 
order to construct boson type realizations for these modules one needs to start with 
the Borel subalgebra different from the standard one or the natural one and consider 
a corresponding "flag manifold". Its "cells" will produce boson type realizations 
for Verma type modules, their contragradient analogs and finite real twistings. We 
are going to address this question in a subsequent paper. 
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8. Appendix 

In this section we present the formulas for the singular elements in Imaginary 
Verma modules recently obtained by B.Wilson jWilOSj . These formulas were in- 
spired by the free field realization of Imaginary Verma modules for sl{2). 

Let Bi, fi, hi be a basis of s[(2) — s[(2) (g) C[t,t~^], i e Z where Xi :— x 
X G s[(2). Consider the imaginary Verma module Mo(0) with a trivial highest 
weight. Then it has a submodule generated hy hi ® \,i < 0. Denote by 1^(0) the 
corresponding quotient. A nonzero element v £ V{0) is called singular if e^w = 
and hjv = for all i G Z and j G W. Let F = Y.z'^Ii- Then ^(0) is a free 
[/(F)-module, where U{F) is just a polynomial algebra and the elements 

n[=o/si, Si G Si<Si+i,r>l 

form a basis of T^(0). 

Denote by Mj. = spanc{Ti^Zo fsi \si G Z}. Let Sr be the set of singular vectors in 
Mr and let Sym{r) be the symmetric group realized as permutations of 0, 1, . . . , r — 
1. For any r > 1 and s G Z*" set 

^r(s) = ^ (-1)''^"'^/so+<t(0)/si+o-(1) • ■ • /s,_i+<T(r-l)- 
aGSym{r) 

Theorem 8.1 f jWil05| l. Elements Vr{s), r > 1, s & IT , form a basis of S,.- 
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